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Thermodynamics
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1 INTRODUCTION

The first and second laws of thermodynamics were stated by Rudolf
Clausius in a paper published in 1865, when he was 43 years old:

1. The energy of the universe is constant.
2. The entropy of the universe tends to a maximum.

The corresponding mathematical equations for an irreversible process were
written as

dQ=dU+ AdW or dQ:dU+dW, (n
dQ
—=< ), 2
£ >
These equations were also written without the inequality sign, as
Q =U-Up+ W, (3)
- d
NZ.S-—S{]—S—;?. 4)
For a reversible process, the equations were given as
dU=dQ -dW, (5)
dQ
=== 0,
ds == (6)

In equations (1)—(6), Q indicates hecat, W work, A Clausius’s constant (the
thermal equivalence of work, corresponding to 1/J, where J is Joule’s con-
stant, the mechanical equivalent of heat), U energy, 7 absolute tempera-
ture, N uncompensated transformation and S entropy. The suffix 0 denotes
initial values of the system (gas).

It is useful to show how a modern textbook of thermodynamics writes
these laws. Along the lines o|f the German tradition, Arnold Sommerfeld’s
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|
Thermodynamik und Statik (3rd edn, 1964), for example, has the following
expressions:

dU=dQ - dW", dU = 0. (7

|

“ . |
(§1 —c%—" =0, d§= d%" for a reversible process; (8)
(g)gg— < 0 for an irreversible process. (9)

Sommerfeld’s and Clausius’s notations are similar except for Clausius’s use
of the integral sign ‘|’ instead of ‘4’ for a circular process; the latter was
not used in Clausius’s time.

The main difference is with the first law. Clausius wrote the equation with
dU on the left-hand side only for the reversible process in connection with
the second law, for which dS is also on the left-hand side. This difference
is very important in the development of the theory of heat. In Clausius’s
eight famous papers, compiled in his Abhandlungen (1864), he always
writes the first law with dQ on the left-hand side to show its structural con-
tent. It was in the last (ninth) paper, written in 1865, that he expressed the
first law with dU on the left-hand side for a reversible process in connection
with the second law. This is well explained in that the entropy change dS
was proposed by Clausius primarily as a complete differential correspond-
ing to the energy change dU which he had already introduced as a complete
differential in his first paper, published by the Berlin Academy in 1850.

Let us now consider some prehistory of these laws (Bryan 7903).

2 THE NATURE OF HEAT

There were two trains of thought concerning the nature of heat in the
eighteenth and early nineteenth centuries. The older one was the material
theory of heat (caloric theory); the other was t!le mechanical theory of heat.
Antoine Lavoisier, known as the founder of the law of conservation of mass
in chemical reactions, placed ‘caloric’ at the head of his table of chemical
elements in the eighteenth century. N. L. Sadi Carnot’s important work on
the motive power of fire, Réflexions sur la puissance motrice du feu (1824),
which introduced the ideal (Carnot) cycle, was written on the basis of
caloric theory.

Ten years later, Sadi Carnot’s work was expressed analytically by Emile
Clapeyron, with the help of a graphic representation (Section 4). This
memoir (in the Journal de I’Ecole Polytechnique in 1834) had a great
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influence on both William Thomson (later Lord Kelvin) and Clausius, who
wrote their first papers on the motive power of heat based only on
Clapeyron’s work rather than on Sadi Carnot’s.

That heat is a mechanical effect, not a substance (caloric), was shown
through experiments on the friction of solids by Benjamin Thomson (Count
Rumford) and Humphry Davy in, respectively, the late eighteenth and
early nineteenth centuries. The mechanical equivalence of heat was estab-
lished by James Prescott Joule through his experimental research between
1843 and 1850. His final measurement on the mechanical equivalent of heat,
J, was published in Philosophical Transactions in 1878. Through these
experiments, Joule used two kinds of heat: heat evolved by the friction of
fluids, and heat generated by an electric current. For further details see
Cardwell 1989: 29-184; on the power technology and background of
Carnot’s work, see Fox 1986: 1-57.

3 THE FIRST LAW OF THERMODYNAMICS
(CONSERVATION OF ENERGY)

As mentioned above, the mechanical equivalence of heat was proposed by
Joule on the basis of his experiments. In 1842, the 42-year old Robert
Mayer, a German physician on a Dutch ship sailing to Southeast Asia, pro-
posed on the basis of physiological measurements made in Java the conser-
vation of energy and the mechanical equivalence of heat. Hermann von
Helmbholtz published a theoretical approach to the conservation of energy
in his Uber die Erhaltung der Kraft (1847). His expression for the first law
was

R
§mV|2~§muZ: —S $dr. (10)

|
The left-hand side of equation (10) indicates the change in kinetic energy

(of a mass under a central force) which was called lebendige Kraft, and the
right-hand side the work done by an elastic force ¢. Helmholtz demon-
strated the conservation of various kinds of energy such as mechanical,
thermal, electrical and electromagnetic.

Along the lines of Clapeyron, Clausius succeeded in obtaining an analyt-
ical expression of the first law of thermodynamics in his first paper. He
arrived at the ratio equation (14) below from his understanding that both
work produced and heat expended must be the second-order differentials in

1173



PHYSICS AND MATHEMATICAL PHYSICS

the infinitesimal Carnot cycle (see Figure 2). Since

d (dQ d dQ)
1 e fome [ oot | oo s f el
\cat expended [dt (dv) e (dr ]dvdl (11)
and i
work produced = Rdvvdr‘ (12)

where R is a gas constant, then

heat expended/work produced = A4, (13)
or
d (dQ\ _ d (AQ\] 4 [Rdvde _
[dt(dv) du(dr)]d”d’/ y (14)

(Clausius knew Carl Jacobi’s notation for partials, 3Q/dv and 9Q/dt, but
he did not use them.) Equation (14) became

_c_l_ d_Q _d (dQ - AR (15)
dt \dv/ dv\d¢ v
Then the following expression, the first anajytical form for the first law of
thermodynamics, was deduced in 1850:

dQ =dU + AR(a + t)dujv (16)

(or dQ=dU+ AdW, which is the same as equation (1)). Here U was
primarily (originally) regarded as an arbitrary function of the volume v and
temperature 7 of a gas (Yagi /984: 182—-6).

Judging from equation (15), Clausius knew that dQ is not a complete
differential as we use it today. His confusing usage of the term ‘complete
differential’ is discussed in Section 9.

4 THE CARNOT CYCLE

The first graphical presentation of the Carnot cycle was made by
Clapeyron. The original cycle has the following four processes. During the
first process a gas is expanded (in contact with a heat reservoir) at a constant
temperature, shown by the curve AB in Figure 1. During the second, the
gas is continuously expanded adiabatically (the curve BC). During the third,
the gas is contracted (in contact with another heat reservoir) at a constant
temperature lower than the first (the curve CD). During the fourth, the gas
is continuously contracted (also adiabatically) and returned to its initial
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Figure | Clapeytron’s diagram of the Carnot cycle

condition (the curve DA). The ordinate is pressure p, and the abscissa
volume v,

The infinitesimal Carnot cycle was also presented by Clapeyron (Figure
2). The quadrilateral abed was regarded as a parallelogram of area bn X eg
(or fh) = dpdv. By the law of Mariotte and Gay-Lussac, pv=R(a +t) and
bn=dp = Rdt/v, so Clapeyron obtained Rdvdt[v for the work (action)
produced during the whole process.

Hi

I
I
|
'
I
!
'
1

e T e

" g h

Figure 2 Clapeyron’s diagram of the infinitesimal Carnot cycle

5 THE SECOND LAW OF THERMODYNAMICS FOR A
REVERSIBLE PROCESS

The concept of the second law, first presented,in Sadi Carnot’s Réflexions,
aimed to answer an important technological issue of those days: fuel

economy in heat engines. Carnot expressed his principle in terms of caloric
theory:

Whenever there is a difference in temperature, motive power can be produced.
The converse is also true: whehever there is power which can be expended, it
|
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is possible to bring about a difference in temperature and disturb the
equilibrium of caloric.... The motive power of heat is independent of the
working substances that are used to develop it. The quantity is determined
exclusively by the temperatures of the bodies between which, at the end of the
process, the passage of caloric has taken place. (Quoted in Fox /986: 67,
76-17)

The analytical expression of Carnot’s principle was provided by
Clapeyron, as mentioned in Section 2. He treated the quantity of suppos-
edly conserved heat dQ as a complete differential of two variables, volume

v and pressure p. He derived the following ratio equations by the use of the
infinitesimal Carnot cycle: since the heat (abﬁorbcd) is given by

dQ:(gQ)dqu(d—Q) dp or dQ:[d—Q—E(E’-Q)]du, (17)

dv dp dv wv\dp
where dp = —(p/v)dv, from the law of Mariotte and Gay-Lussac for a unit
weight of a gas:
pv=R(a+1t) and work (action) = Rdvd{fv, (18)
then
action (work)/heat absorbed = maximum effect (19)
and
maximum effect = dt/C(¢), (20)

where C(7) is Carnot’s function of temperature. Here the concept of
absolute temperature appeared in an analytical expression.

The first proposal of an absolute temperatute scale (all degrees specified
relative to an absolute zero) based on the Carnot principle and drawing
upon the mechanical theory of heat was made by William Thomson in a
paper published in 1848.

6 CLAUSIUS’S VEL&SION OF THE SECOND LAW

The first analytical expression based on the mechanical theory of heat was
presented by Clausius, who accepted Clapeyron’s expression as the first-
order approximation in a mathematical sense for the infinitesimal Carnot
cycle (Yagi /984: 186-9). Having recognized that the above approach for
the second law could not result in anything new, Clausius came up with
another new functional approach in his fourth paper, published in 1854, to
find a quantity which he called the ‘equivalence value’ for two kinds of
transformation. The first kind meant a heat transformation between work
and heat, the second kind a heat transmission between higher and lower
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|

|
temperatures (or lower and higher ones), which was also regarded as a kind

of transformation.

The concept of entropy, Qf T, for a reversible process was first proposed
by Clausius as the equivalence value through these two kinds of transforma-
tion, explained below. Assuming that the equivalence value from work to
heat Q during the first kind of transformation must be proportional to the
heat produced, and that it can depend only on the temperature ¢, he
expressed the value as Qf(f), where f(f) is a function of temperature. In
the second kind of transformation it was also assumed that the equivalence
value for heat transmission Q from temperature f; to f must be propor-
tional to the heat transmitted, and can depend only on these two tempera-
tures. The equivalence value for the second kind of transformation was
expressed as QF(ty,12), where F(¢;, {;) is a function of both temperatures
f1 and 1.

Clausius himself defined these two functions in the following way. The
two kinds of transformation were treated at the same time during the
process of changes by the use of the Carnot cycle. First, during the ordinary
Carnot cycle, heat Q at temperature ¢ is changed to work, while heat Q; is
transmitted from temperature £, to f;. The total equivalence value for this
case is assumed to be zero:

—-QJS )+ QiF(t1,12) = 0. (21)

Second, during the reversed Carnot cycle, heat Q' at temperature ¢’ is
produced by work, while heat Q, is transmitted from temperature 1, to ;.
The total equivalence value is also assumed to be zero:

Q")+ Qi F(t2, 1) =0. (22)
|
Adding these two equations gives
-Qf()+Q'ft") =0, (23)

since, on the basis of physical reality, the following property is assumed of
F; |

F(tly fz) = ”'_F(tli h)- (24)

In order to reconstruct equation (23), which has two terms of the first

kinds of transformation, as a newly combined type of Carnot cycle,

Clausius proposed the following two kinds of transformation: heat Q' — Q

at temperature ' is produced by work, while heat Q is transmitted from

temperature f to ', where Q' and ¢' are larger than Q and ¢ respectively.
The equation of the total equivalence value for this newly combined cycle is

(Q'-Q)(')+ QF(1,t")=0. (25)
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|
From equations (23) and (25), the form of the functions was obtained as

F(e, 0y =s(t") — f(1). (26)

Finally, f(¢) = 1/ T was given, where T"was chosen as the absolute tempera-
ture (=273 + ). Therefore the functional form of the equivalence value,

Qf(t), was Qf T. Hence the transmission of heat Q from temperature f; to
f2 has the equivalence value

! [}
Q(Tz Tl) T Gl

If bodies K, K;, Ka,...,K, serve as heat reservoirs at temperatures
l1, &z, b, .. ., In, vespectively, and that heat Qy, @y, Os,..., QO is received

by each of these bodies, then the total equivalence value N for all the
transformations is

NS Qi
ot Lo Ag 8
If now Q; is replaced by dQ, the expression for a circular reversible process,
whose irreversible process is given by equation (2), is obtained as

| 5%=0, (29)
|

which was given as equation (6), in Section I, namely, dS = dQ/ T, where
the entropy change dS was introduced by Clausius as a complete differential
corresponding to the energy dU of the system.

7 TOMONAGA’'S RECONSTRUCTION OF
CLAUSIUS’S METHOD

The above method that Clausius used to define the form of functions in
connection with entropy has been considered difficult to follow. A few
historians and physicists have criticized its unclearness, among them
Truesdell 7980: 310-16. Shin’ichiro Tomonagh introduced another way
to define the form of function in his popular book Butsurigaku-towa-
nandarouka? (*What is Physics?’, 1979).

Three ordinary kinds of Carnot cycle are used: the first one for tempera-
tures between f, and f;, the second for between # and 1y, and the third for
between 7, and . From a heat {cservmr at the higher temperature 1y, heat

O is taken, while heat @ is given to a reservoir at lower temperature, f,.
The functional equation is

lfif Mo A O/ On = Ftn, 1y). (30)

/,\5 te Nobel 1178
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Using the second and third ordinary kinds of Carnot cycle, similar expres-
sions are wrilten (where f is the lowest temperature):
|

3 F(ty, tp)
s y) ==, 31
F(tw, ) F(th, o) (31)
The functional rclalion‘is then
) JS(h)
F(tn, ) = h 32
(th, 1) ) (32)

where F(t, to) = 1/f() is assumed because of the arbitrary nature of £y, and
J(t) =T (absolute temperature) is introduced. It is interesting to note
that Tomonaga mentioned that this treatment was taken from a hand-
written note (which might have been made by Carl Runge, the previous
owner) on the copy of Clausius’s book Abhandlungen iiber mechanische
Warmetheorie (1864) kept at the Library of the Institute of Physical and
Chemical Research in Japan.

Enrico Fermi also gave a treatment of this problem (which seems the
clearest) in his book Thermadynamics (1937). Comparing these treatments
(Clausius, Tomonaga and Fermi), we may notice that there were two essen-
tial viewpoints for the second law of thermodynamics, proposed by the
originator Clausius: (a) consideration of the first kind of transformation
between work and heat, whose ratio was defined as the first law of thermo-
dynamics; and (b) consideration of the integrating factor 1/T, in order to
change heat (which itself is not a complete differential) to a complete
differential, namely to entropy. However, both Tomonaga and Fermi
treated these functions F and f separately from the final form of entropy,
whose existence had been familiar to them.

8 THE SECOND LAW OF THERMODYNAMICS FOR AN
IRREVERSIBLE PROCESS

As mentioned in Section 5, the second law with the concept of entropy was
proposed for the reversible process. The case of an irreversible process
began to be discussed by Clausius in his fourth paper on the basis of such
actual thermal phenomena as thermal conduction and the production of
heat by friction. The fact that the total equivalence value N for the transfor-
mations tends to be positive was recognized through these thermal
phenomena: namely, that no work is done by the thermal conduction while
heat flows directly from a higher to a lower temperature; and there is no
heat transmission during the production of heat by friction where work is
changed to heat.

These two kinds of transformation have positive equivalence values, as
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was mentioned in connection with equation (25). Clausius therefore
presented the following inequality, in his sixth paper:

' dQ
j > 0. (33)

If dQ is regarded as positive when it represents heat received by the system,
namely heat taken from a reservoir, this inequality must change its sign; it
then becomes the same as equation (2):

dQ
—= i 3
S 2 <0 (34)
This derivation was influenced by William Thomson's way of thinking
(Smith 1976: 304—15).

9 MATHEMATICS IN THERMODYNAMICS

Generally speaking, the striving to understand relations among the quanti-
ties of physics as functional equations by Clapeyron, Clausius, Josiah
Willard Gibbs and others played the most important role in the develop-
ment of thermodynamics together with the accumulation of experimental
results on heat by men such as Joule and Victor Regnault.

The heat change dQ was generally regarded by Clausius as a non-
complete differential (as we would call it today). Therefore it was changed
to a complete differential dS by the division of absolute temperature 7,
called the ‘integral denominator’. The way in which mathematics was used
in thermodynamics by Clausius has been a source of confusion to scientists,
students and historians alike. What is most confusing is his modified defini-
tion of a complete differential, which he defined in terms of integrability.
For example, dz was expressed by the following equation for two
independent variables x and y:

dz dz I
T - 5
dz (dx) dx+ (dy) dy, (35)
where dz became integrable when the following condition was fulfilled:
d (dz\ _d (dz _
dy (dx) Cdx (dy)' (36)

Up to this point everything is clear. The confusion begins with another
case also called integrable by Clausius. He meant that dz can be integrable
through the existence of a functional relation between the two variables x
and y, where the order of integration was completely given by the relation.
Applying it to thermodynamics, the heat change dQ became integrable by
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the use of such a functional riiation as the law of Mariott and Gay-Lussac;
and the following equation was generally called the complete differential

equation of the first order:

dQ = (%%) dv+ (‘1‘—?) dt. (37)

An axiomatic approach to the foundations of thermodynamics was taken
by Constantin Carathéodory in a paper of 1909. He expressed the first and
second laws as his first and second axioms. The following two choices
(different from the traditional approach to thermodynamics) were adopted:
first, heat was reduced to mechanical work; and second, the system was
treated mainly under the adiabatically isolated state instead of the tradi-
tional circular process. The first axiom was: é—¢e+ A =0, where £—¢
indicates the difference between the final and initial energies, and A the
external work done by the system. The second axiom was: in each neigh-
bourhood of any given initial state, there is another state that cannot be
arrived at by any adiabatic change. Carathéodory dealt with the complete
differential equation with n variables (dimensional cases) as Pfaff’s problem
(§3.14; see Truesdell /983: 45—57). For entropy from the viewpoint of
statistical mechanics, sce §9.14.
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